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ELASTIC COMPRESSION OF SPHERES AND CYLINDERS
AT POINT AND LINE CONTACT

By M.J. Puttock* a~d E.G. Thwaite*

Swrunary

The purpose of this paper is primarily to present
in a convenient form the formulae and data for the
calculation of the compression effects which occur in
the measurement and use of spheres and cylinders in
dimensional metrology.

Only Hertzian compression effects are considered
in the present paper and these assume that the
surfaces in contact are perfectly smooth, that the
elastic limits of the materials are not exceeded,
that the materials are homogeneous, and that there
are no frictional forces within the contact area.
These conditions are closely met with materials and
applied forces normally encountered in precise
dimensional metrology, and with the surfaces finely

lapped.
In the case of surfaces that are not finely lapped

the actual compression effects may differ by up to
10% from those calculated using the formulae in this
paper. Contributory factors include frictional
forces and microstructure variations in the surfa,ce
leading to variations in elastic modulii. Berndt
(1928) has derived modified formulae to take into
account frictional forces arising from non-smooth'
surfaces and these formulae, in general, lead to
compression effects differing from those in this
paper by approximately 5%.

It is considered that the formulae given .in this
paper are sufficiently precise for all practical
purposes in precise dimensional metrology.. This paper is in two parts. Part 1 is a series of

data sheets giving the appropriate formulae for
various specific cases, together with appropriate

~ tables and graphs. Part 2 gives the mathematical
derivation of the formulae in a consistent notation
and is primarily intended for students with an
interest in the subject.

Where the formulae have been partially evaluated
for steel the elastic constants used have been those
for 1% carbon steel.

: *Division of Applied Physics, National Standards Laboratory, CSIRO,
University Grounds, Chippendale, N.S.W. 2008.

.
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SYMBOLS,

.. Units
7"-'

a = the total elastic compression ,at the point .' mm in
.. ,.

or line of contact of two,bodies, measured; .

along the line of the ,applied force ,.

. ,

P = total applied force, ' , ,gf" bf

,

D = diameter of body " , 'mm ,in

E = Young's modulus of material of body.. gf/rnrn2 lbf/in2

.. ,
(; = Poisson's ratio =' E/2G ~ 1,

G = modulus of rig-idity of material of body g£!mm2 lbf/in2
. ~V = (1 - (;2) /7TE '.. mm2/gf in2/lbf

, ;
Q = t (Vl + V2) for bodies of different . rnrn2jgt in2/lbf

, ,",materials . I:' . ;

= t V for bodies of the same material
-

e = eccentricity of ellipse of 'contact -!
= (1 ":'b2/a2)l/'2 '.' '.

- , ~

:;, .., ;

,K and E* are the complete elliptic in,tegrals of ,'\

'. - I,

the first a,n,d second ,class respectively' !

'J ,;' i "

with modulus e , . .
. , ; . . .'.

,

*Not to be confused withE, the Young's modulus.

.



7

PART 1

. COMPRESSION FORMULAE

Case I, Two Spheres in Contact

.

p.+ p

c,

The suffixes 1 and 2 relate to spheres 1 and 2 respectively,

General Case

- ~ 2/3 P2/ 3 ( V + V ) 2/3 (1--+ 1--) 1 /3 a- 2 ' '12 'V V '
1 2

. ! . .:':~ ('

Spheres of Same Material

, -'

= (2.) 1/3 (!_~ ) 2/3 P2/3 (1-- + 1--) 1/3a 2 'E . . VI V2 .

Spheres Both of Steel

. -. - :.,0\ " ,~,.

Metric Units: P in gf, V in rom

~ a = 0.000 020 . p2/3 . (--vI + i-) 1/3 mm.
1 2

Inch units: P in lbf, V in inch

2/3 1 1 ) 1/3 .a = 0,000 016 . P . (IJ + IJ 1nch.
1 2

.
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Case 2. Sphere in Contact with a Plane

.+
CX'
r

General Case

2/3= .Q& P2/3 <V+ V ) 2/3 <1) 1/3a 2 . . 1 2 . D .

Sphere and Plane of Same Material

2
a = <t)I/3 . <~)2/3 . p2/3 . <t)I/3.

Sphere and Plane Both of Steel

Metric units: P in gf, D in mm

a = 0.000 020 . p2/3 . <i) 1/3 rom.

Inch Units: P in lbf, D in inch

a = 0.000 016 . p2/3 . <i) 1 /3 inch.

.
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Case 3.' Sphere Between Two Parallel Planes .. ~ , ..

,.

. p

-- a-- .. b--

1 Total compression aT = aa + ab where aa and ab are'~ealculated as
in Case 2.

If the two planes are of the same material then
,

a = a
a b

and the total compression may be written as
.: ' " " ""

,0 .' "

aT = 2a. .,

'.

Sphere and Planes ~ll of Steel
£." ; ,

Metria Units: P in gf, D in mm

" aT = 0.000 040 . .p2/3 . ~i) 1/3 mm.

Inah Units: P in lbf, D in inch ..
.. '

~

aT = 0,000 032 . p2/3 . (~)1,!3 inch. t.

'-'/If. O~r, <J-.I(I '1 j'.> 1./ ".",- (j' I) ,'.' I"" 0,000 ~~- ":"t'?-r-t:-\ . 1-V-.\-#t"-""i /-'-/l,..)..,o", ., ('-J- - I
I
!' II
)~: ~, ". I,

~V::c ~ .,.~" "
'K

$: 0,

)

.
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C~se 4. Spher~ in Contact with an Internal Spherical S~rface

p p

Let diameter of internal spherical surface = Dl'
diameter of smaller sphere = D2

General Case

f'V = ~ 2/3 P2 / 3 (V + V ) 2/3 (L - L ) 1 /3
'-" 2 . . 1 2 . D D .

2 1

Spheres of Same Material

f'V = (~) 1/3 (.!-.-":~ ) 2/3 P2/3 (L - L ) 1/3'-" 2 . E . 'D D .
2 1

Spheres Both of Stee!

Metric Units: P in gf, D in mm

a = 0.000 020 . p2/3 . (i- - i-)1/3 mm.
2 1

Inch Units: P in lbf, D in inch

a = 0.000 016 . p2/3 . (i- - i-)1/3 inc~.

2 1

.
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Case ~. E ual Diameter C linders Crossed with Their Axes at Ri ht
. Angles

.. p

t

IX

+

..

General Case

2/3a = ~ ~ p2 / 3 . < V 1 +; V 2) 2/3 . <i) 1/3.

"

Cylinders Both of Same Materi~l

2
a = <t)1/3 . <~)2/3 . p2/3 . <t)1/3.,

Cylinders Both of St~~l,; .:-

Metria Units: P in gf, D in mm

a = 0.000 020 . p2/3 . <i) 1/3 mm.

.

,

Inah Units: p in lbf, D in inch

.

- 2/3 <1 1/3 .
. a - 0.000 016 . P . D) ~nch.

. ~

"

.
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Cas~6.. Une ual DiameterC linders Crossed with Their Axes at Ri ht
Angles

p .
/

Cylinder 1 J

The suffix 1 refers to the larger diameter cylind~r, the suffix 2
to the smaller.

General Case

1/3
- K ( 2/3" [ 1

]a - 2 . P. Q). 1 dE '

2D . (- --)1 e de

1 dE A D2:where K and - e ~ are functions of BY'

Q = t (VI + V2) for dissimilar materials,

and Q = t V when cylinders ar~ of the same material~

A D2
For any given value of B ~D in the range 1.00 to 0.000 000 1

the corresponding values of K andl- ~ fJ may be obtain~d from Tables 3-6

or Figure 6.

!oth Cylinders of Steel

Metric Units: P in gf, D in rom

1/3
- K 2/3 ( 1 Ja - 0.000 015. . P. 1 dE mm.

2D . (- --)1 e de

Inch Units: P in lbf, D in inch

1/3 ~- 2/3 1a - 0.000 012 . K . P . [ 1 dE ] i ch.
2D 1 . (- - -d )e e \

\

\
.
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Case 7. Unequal Diameter Cylinders Crossed with Their~es at Any

Angle
,. .. .

..

.. ~;.., '

Cylinder 1 2
~

. (X

t

The suffix 1 refers to the larger diameter cylinder, the suffix 2
to the smaller.

Let the axes be inclined at an acute angle 8 to one another.
It is first necessary to obtain the ratio AIB by solving the

following equations, for A and B.

1 1A+B=-+-
D1 D2'

(A - B)2 = (l-)2 + (l-)2 + 2 cos 28
D1 D2 D1D2

/ K 1 dE
From the calculated value 0: A B the values of and~, e de ma,y

be obtained from Tables 3-6 or Fl.gure 6. - .

General Case

1/3
(). = 2K . (P . Q) 2 I 3 . [ A 1 dE

] ,

2 . (- - -) .e de -

where Q = f (V1 + V2) for dissimilar materials
~

and Q = t V when cylinders are of the same material.
: ..,

< Both Cylinders of Steel .':" '::

Metric lh7.its: P in gf, D in rom .

1/3
K 2/3 [ A J(). = 0.000 015. . P. 1 dE mm.

2 . (- e de)

Inch Units: P in lbf; D in inch

1/3
( - K 2/3 [ A

](). - 0.000 012. . P . - ,IdE. inch.
2 . (- --)e de

.
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Case 8. Two Cylinders' in Contact with AXes Parallel' "" ~_!

Cylinder 2

Cylinder 1

I I I.-t=~~=~j -. f
.,

General Case
, , :..

- t { 8a2 1 1 Ha = P . ' (Vl + V2) . 1 + In ; ) '" . ( + -) . ,
,(Vi + V2 1;'- . .Di" ~~?

;, " ... - . , ,)

Same Materials

.
~2 - 4a 1 1

a = 2P . V . ~ + ln { - ~ (- + -) } .
LV. P Di D2

- ,
Both Diameters Equal - . ,:

- ~ { 16a2 ~ " . a = P . (V t + V 2)' 1 + ln - ..':.

! (Vi + V2) . P . D

Same Materials,

- ~ { 8a2 ~ .a = 2P . V . L + ln v~~ ~ .

P = Pj2a = force per unit length. . .

-.. . . '.ln = natural logarithm. . ' .

2a = length of contact.

. I,.

. .

.
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Case 9.. Cylinder in Contact with a Plane

. 1~~=;:;;~}

. I~ 2a ./ ~

-f~~~~~l-- p - t

V/Je!! {(P
General Case

a = P . (Vi + V2) . ~ + In { 8a2 - p o

C (Vi + V2) . P . D~

Same Materials

- t { 4a2 Ha = 2P . V. 1 + In -.
V . P . D

P = PI2a = force per unit length.
In = natural logarithm.
2a = length of contact.

"

.
~

.
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Case 10. Cylinder Between TwoParal!~lPlan~~

r- 2a l 2a ~~:~1.

, a
a (b) .(c)

The calculations are as for Case 9. '

If the lengths of the lines of contact are the same (as in (a)
and (b» t and the material of the two planes is also the samet then
the total compression is twice the compression for a single corttac.tt

i.e.

" aT = 2a.

If the lengths of the lines of contact are not equal (such.as in
(c»t or the materia~s of the two planes are differentt then the
compressions at each contact must be calculated independentlYt i.e.

aT = a1 + a2'

, . .. ; ., .

"". ,.., ."
,~ . , : .

. ?

.
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Case 11. Sphere in Contact with a Cylinder (External)

p

" ~
Spher (X

f

Cylinder

Let diameter of sphere = DI
and diameter of cylinder = D2

First obtain the ratio AlE and the value of llA from the following

equations:

1
'A DIB = 1 l'

-+-
DI D2

1A = DI'

From the calculated value of AlE, obtain the appropriate values

of K and - l- ddE from Tables 3-6 or Figure 6.
e eCalculate a from the following equation .

,
a3 = ~ - 1. ~A . e de .

.

Then calculate the compression a from the equation

"'=~ Ku. .,
a

where Q = t (VI + V2) for dissimilar materials,

Q = t V for similar materials.

.
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Case 12. Sphere in Contact w~~h a Cyli!!d~r (Interna!)

re I
Cyli Cf

Let diameter of sphere = Di
and diameter of cylinder = D2

First obtain the ratio AIB and the value of llA from the following

equations:

1 1---
~ - Di D2
B-1 '

Di
1 ~ 1A - 11 .

~-D;

From the calculated value of AIB obtain the appropriate values

of K and - l ~dE from Tables 3-6 or Fi gure 6.
e e

Calculate a from the following equation

3 2QP 1 dEa =Y.-e"cle.

Then calculate the compression a from the equa~ion:

a = ~ . K,
a

where Q = t (Vi + V2) for dissimilar materials,

Q = f,V for similar materials.

.-

.
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gase 13. Shere in Contact with ~ C Olle, the.Vee
Groove Bein S me.trical w o~al to the

" Axis of the Cylinder

Vee - groove

"

DE
..' I Axis of

~~.
Let diameter of sphere = D,

dia~e.ter of cylin4er at point of contact = DE'

semi-angle of vee groove = e.

(1) Calculate the"value of AlE from

1
~

A DB = 1 1 .

,-.- +; .

D DE cosec e

(2) O~tain appropriate values of K and - ~~ from Tables 3-6 or

FJ.gure 6.

(3) Calculate a from the equation

3 1 dE
'- a = QP cosec e . D . -,-.- -d .e e

(4) Calculate the total compression a. normal to the axis of the
.; cylinder from the equation

a.:: QP cosec2e . K,

a

where Q = t (Vi + V2) for dissimilar materials,

and Q = t V for sphere and cylindrical vee groove~of the same

material.

.
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Case 14. ~phere ~n_Con~act with a Cylindrical Vee Groove, the Vee
~r~ove_Be_ing_A~~etrical with Respect to a Normal to the
Axis of the Cylinder

p
Vee - groove cy

Axis of

cylinder

Let diameter of sphere = D,
angles vee groove flanks make with normal to vee cylinder
axis = 81 and 82,

diameters of vee cylinder at points of contact = DEl and

DE2 respectively.

Initially each contact point must be treated separately.

(1) Calculate the values of AlE from equations:

1 1
A DAD(8) 1 = 1 l' (B) 2 = 1 1 .

D + DEl cosec81 D + DE2 cosec8;

(2) Obtain appropriate values of K and _l~ for each case from
Table-s 3-6 or Figure 6. e e

(3) Calculate relevant values of a from the equations:

a3= 2Q.P.D (_lEE:.)1 tan 62cos81 + sin81 . e de l'

3 2Q . P . D 1 dE)az = tan 81cos~ + sin8; . (- ede 2'

(4) Calculate the relevant compressions normal to the vee groove
flanks from the equations:

.



21

a = 2QP K
1 al(tan 82 cos 81 + sin 81)' 1

and

~ a = 2QP . K
2 a2(tan 81 cos 82 + sin 82) 2,

~ where Q = t (VI + V2) for dissimilar materials,

Q = t V where both sphere and cylindrical vee groove are

of the same material.

(5) Calculate total compression effect a normal to vee cylinder axis
from the equation

a = (al cos 82 + a2 cos 81)cosec(81 + 82)'

,

f

1,

/

.
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Case 15. Cylinder in Contact with a Cylindrical Vee Groove, the
Vee Groove Being Asymmetrical with Respect to a Normal
to the Vee Cylinder

Vee - groove cy

(

Axis of
. ._~.

cylinder ,
Let diameter of cylinder = D, ,

angles vee groov'e flanks make with normal to vee cylinder
axis = 61 and 62'
diameters of vee cylinder at points of contact = DEI and

DE2 respectively.

Initially each contact must be treated separately.

(1) Calculate values of AlE from the equations:

A DAD(B) 1 = D cosec 6' (B) 2 = D cosec e .

El 1 E2 2

(2) Obtain appropriate values of K and _l~ for each case from
Tables 3-6 or Figure 6. e e

(3) Calculate relevant values of a from the equations:

2QPDE1 cosec 61 1 dE
ai = tan 82cOS 61 + sin 61 . (- e "de) 1 ,

2QPDE2 cosec 62 1 dE .

a~ = tan 61 cos 62 + sin 62 . (- e de )2

(4) Calculate the relevant compressions normal to the vee groove
from the equations:

.
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a = 2QP . K ,
1 al (tan 82cos81 + sln 81) 1

" a2=_r~_=£:1 2Q~ '--'-£:1'
8 + . ) . K2'

a2 \tan °lcOS tl2 T, sJ.n °2J

" where Q = t (VI + V2) for dissimilar materials,

Q = i V for both cylinders of same material.

(5) Calculate ,total compression effect a normal to vee cylinder axis
from the' equation

a = (a1 cos82 + a2 cos81)cosec(81 + 82).

Note: In the above, ~he assumptionrhasbeen made that both DEI cosec 81
and DE2 cosec82 are greater than D; this is so in all practical
cases.

.,

" --.,

, .,

.
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Case 16. Cylinder in Contact with a Cylindrical Vee Groove, the Vee
Groove Being Symmetrical with Respect to a Normal to the
Axis of the Vee Cylinder

Vee - groove

E

Axis of

cylinder

Let diameter of cylinder = D,
diameter of grooved cylinder at point o£ contact = DE'
semi-angle of vee groove = 8.

(1) Calculate the value of AlE from ~ = D D 8 and obtain appropriate
1 dE E cosec

values of K and - ede from Tables 3-6 or Figure 6.

(2) Calculate a from the equation

3 QPD 2 1 dEa = E cosec 8 . - - d-. e e

(3) Calculate total compression a normal to axis of vee grooved
cylinder from the equation

a = QP cosec28 . K,

a

where Q = % (VI + V2) for dissimilar materials,

Q = t V where both cylinders are of the same material.

Note: In the above the assumption has been made that DE cosec 8 is

greater than D; this is so in all practical cases.

.
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PART 2

. THEORY

I. INTRODUCTION

~
The mathematical theory for the general three-dimensional contact

problem was first given by Hertz (1881). There is an extensive
literature dealing with the contact problem and a review of the
Hertzian theory which in~ludes both stress and strain analysis together
with a comprehensive bibliography has been published by Lubkin (1962).
Among the works of particular interest are those of A.E.H. Love (1892),
Prescott (1924), Landau and Lifshitz (1959), Shtaerman (1949), and
Lur'e (1964). The work of Shtaerman is a complete treatise on the
contact problem.

The following derivations are given in a consistent notation and
are sufficiently detailed to be readily followed by students. The
theory stems from the general body of elasticity theory dealing with
the relation of the displacement at a point on a plane surface due to
a pressure at another point. This is the approach given in the
classical work of A.E.H. Love (1892) and adopted in a large part of
the literature and would seem to be the appropriate treatment for this
work.

The two-dimensional line contact problem is in general more
difficult theoretically than the three-dimensional one and it is not
possible to derive an explicit relation for the two-dimensional case
in a direct manner from the three-dimensional. The derivation for the
two-dimensional problem, cylinders in contact with their axes parallel,
given here has its roots in works by Thomas and Hoersch (1930), Prescott
(1924) and E.R. Love (1942). The derivation is to a degree a parallel

i argument to the three-dimensional case and thus preserves a unity in

the theory.
The usefulness of compression formulae depends, of course, on

their experimental verification and, while for large forces there is
a large body of information available, for forces in the range used

,. in length metrology the data are not so extensive. Reference can be
made, however, to the work of Rolt and Grant (1921), Perard and Maudet
(1927), Berndt (1928), Poole (1962), and to brief information in the
National Physical Laboratory (Teddington) Annual Reports for 1921 and

, 1923. Verification in the two-dimensional case, like its theory,

presents particular problems, which are mainly due to the high degree
of geometric perfection required in the apparatus. Measurements with
a resolution of the order 0.003 ~m of the compression of a roll~r on
a flat, for the load range 0.05 to 0.4 kgf/mm, recently made at the
National Standards Laboratory, Australia, agree within practical limits
with the formulae given here for the two-dimensional case.*

*"A Precise Determination of the Compression of a Cylinder i'n Contact
with a Flat Surface" to be published in Journal of Scientific
Instruments (Journal of Physics E) 1969 Series 2 Volume 2.

.
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II. GENERAL THEORY

(a) General

The assumption is made that the surfaces in contact are perfectly
smooth, that the bodies are isotropic and ;l.inearly elast;ic, that the
elastic limits of the material are not exc-eeded, and that there are no
frictional forces in action. The finite .for;ce, keeping them together
will th,en be distributed over the cominoJ;1 area of contac~. For our..-,

c .,"
purpose, the surf~ces of bodies in contact may be a,ssumea tQ,1 be; <?f- Fhe

; - s.ecopd d~gre,e, and the following theory,i,s based o~ this a,ssumpFion.;:;
c

(b) Geometry of th,e' Unstressed- SU1'f~ce- in': th,f;J R~9'i~:b/:Cont~c,t;- "

Suppose that two bodies are in mathematical contact (i;e-; "uns-tr'essed
and undeformed) so that the common normal is parallel to th:e'appl1ed
force; the common tangent plane is the plane xy and the comm6n'hbrmal
is the axis z (see Fig. 1). ;

'~, :,;-J..,:':"" ,"\ '

A~,plied ' ';.. '. .

t force - -:; :
z.l ; , ". .:. :.' ' '0': . ',. \'

;. " t If'

,...

X 'x Fig. 1
, ".';,

-,r ; r ,.

.., ' ' , .,

y -y is normal z2::, ' , , ",.
to plane of figure t Applied ,:'! ;,.

' f ' ~,orce -' -

, ,

'" ' '

The general equation for ,a 'surface of the second.1degree is "

ax2 + by2 + CZ2 + 2fyz + 29'zx +2hxy)+2ux + 2vy'+2lJz:+ d = 0.(1)
'; " ,:

,"

At the origin, x = 0, y = 0, z = O. r: Therefore d'= O. Dj,fferentiating
equation (1) with respect to x, '

.dZ dZ dZ . dZ
2ax + 2cz ax + 2fy ax + 29'z + 29'x ax + 2hy + 2u + 2~ ax = O. (2)

Again, at the origin, x = O~ Y = d, Z = 0, ¥ = 0 (tan,gedt'-pla~).
Therefore u = O. x '

.
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Similarly, by different:iat:ing witt! respect tp y :it can be shown
that v = O. '

The precise equation can therefore be written as
..

ax2 + by2 + CZ2 + 2fyz + 2gzx+ 2hxy -:+- 2wz = O. (3)
. -.

n

To obtain an approximation to this eq~ation which will be aQequate
for our p~rpose, we make use of Taylor's series, namely,", -,.' :

, " " ',", , . ..

f[(x + ox), (y + oY)_J = f(x,~) + 8x * + oy *
l l 2U ~ 2£L~+ _2 ' ox 2 + 2cSxoy . + oy 2

. dX dXdY dY

+ higher order terms (neglected). (4)
, .'~f, " , :' ,'"' L " ;.. ': :;-

"

Differentiating equation (2) again with respect to x,

".. 2 ,
: d2Z'

l ab ) d2Z' dZ dZ2a + 2cz -z + 2c - + 2fy -z + 2g - + 2g -;-
dX - dX dX (3X oX

,-a2z- - d2Z .."' '

+ 2gx - + 2w -'-- =,0. (5)
dX2 dX2

Again, at the origin, x = 0, y = 0, Z = 0, ~ = 0 and, substituting
in equation (5), this gives: x

, -" ,

dZ22a + 2w ~ = 0,
dX

-' '.'

dZ2 al -=--
dX2 W .

. ,; , :

( Similarly, if we differentiate equation (1) twice with respect

to y,,' J

"" :', ":'d;~,j:.b,i.,,'.c\O"';"'::""'I.:

~=--
dy2;,.,W'-~'_; ""',

1 :

- , ,',

.
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Differentiating equation (2) with respect to y,

az az a2z az a2z az
20 ~ -;s- + 20z ~ + 2f ~ + 2fy ~ + 2,q ~

aX ay ayaX aX ayaX ay

a2z a2z+ 2,qx ~ + 2h + 2~ ~ = o. (6)

At the origin, X = 0, y = 0, z = 0, az/ay = 0, and az/ax = 0 and

substituting in ~quation (6),

a2z2h + 2~ ~ = 0,
ayax

a2z - h
-ayax--w'

Substituting now in Taylor's series, equation (4), and regarding
z as f(x,y),

az azf[(.1: + ox), (y + oy)] = z = f(O,O) + X ax + y:ay

1 ~2a2z 2X1Ja2Z a2 ~+ -. + --.J -- + Y -,
2. ax2 axay ay2

hence

z = 1-(- ~ X2 - ~ - !JJL:.)

2 ~ ~ ~

and may then be written as

z = EX2 + Fy2 + 2Hxy. (7)

If z is constant (i.e. in any given plane parallel to the xy plane),

equation (7) is an ellipse with its principal axes rotat!~d with respect
to the coordinate axes (see Fig. 2). If now the coordinate axes are
aligned with the principal axes the xy term will vanish.

To do this, make the transformation:

X = X cos e - Y sin e ,

y = X sin e + Y cos 8 ,

where the angle 8 is given by tan 28 = 2H/(E - F).

.



29

x

IX
! "

, , , , , y Fig. 2

I',~ I ,
I , "-

II 'y
I

/
I

Substituting in equation (7):

z = E(X cas 8 - Y sin 6)2 + F(X sin6 + Y cas 8)2

+ 2H(X cas 6 - Y sin8) x (X sin 8 + Y cas 8)

= X2(E cos28 + F sin28 + 2H cas 8 sine)

+ y2(E sin28 + F cos28 - 2H cas 8 sin8)

+ XY(- 2E sin 8 cas 8 + 2F sin 8 cas 8

+ 2H ~os28 - 2H sin28)

= Constant x X2 + Constant x y2

+ XY(-(E - F) sin 28 + 2H cos 28).

When tan 28 = 2H/(E - F), the xy.term vanishes and the equation

with respect to the ne~ coordinate axeS is

z = Constant x X2 + Constant x y2. (8)

i Radius R( (in y,z plane)
z

Radius Rl (in X,z plane)

r (O,y,z

x

Fig. 3

y

.



30

It is now necessary to determine ,these constants in equation (8) in
terms of a dimension or dimensio~s of the respective bodies.

Let R1 and R~ be the princip~e radii of curvature of one of the
bodies (see Fig. 3); writing eq,ua'tion (~) in the form

--
, . -- -.

z =Ax~ + By2. (9)

1 Th . h 2en, J.n t e plane y = 0, we have: Ax = z. Assuming circular curvature
in the plane y = 0, which is permissible in view of the magnitude of z,

then,

2 ' 2 '" . ,2R ' ;,. , .. J C-,X = 1Z - Z .

,, ' . '. ; ',. .. -,

Ignoring the second-oraer terin of the small" quantity Z,
"- '. ,-;., ',I I ..

, " ,".;" . x2 . ,..';;;. -: ,":. ..:

Z -.~ - ~. . r.-.

. '.. :' , ,

;. ,. '. .., ;' t" i ., (.Since .a!s-o ;. ... ".

:.,. -.. " '- : \.

..'Z';;'*.1:2. -' ' ::J. -,)';'

,
, . ..,; .::' +. }-" 1 ,).'

A=m. 1

j " , .:. c'; '.!) ,'. ... I,:; Ij;

i Similarly, ,r;:;~ :1;.'.; t.;:' "';:';1";"::'0" (::,;

:
! '~.; ~j;..!;;B=~"..';:"" ".

1
" .. 1

~ ,~'.' . j ,

We can, t,QJ~refQ~~y now w+jit~.. the equations for the two bodies by
substituting in equation (9);

~- ".

. j, X2 Y2.. '.
'2 2 1 1.Z1 = Ai:X:1 + BlY1 = D + "Di;"; , (10)

I ~
'.., '; ; -' ,

and ..' ,

; '"
\ "

-, ,.-. -., X2 Y 2
- 2 '2 - 2 2Z2 - A2X~, + 82:Y2 - D + DT ' (11)

2 2

DI' D~ and D2' D~ being twice the principal radii of curvature of the
two bodies respectively.

.
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To obtain t'h~ compression effect, between the two bodies, i. e.
their mutual approach under an appiied force, it is necessary to

, -

( transform the coerdiriate axes of the two bodies (which so far have
, been treat~d as ~Ddependent) to a single coordinate system with

~ifferent signs for the z-axes and then combine equations (10) at:1d
( (11). "

r Let the new common coordinate axes (normal to the z-axes) be
(X,Y) , making anglesBl a~d B2 with the ind~pendent axes Xl anq X2
respectively, such that Bl + B2 = UJ (see Fig. 4).

Y
, '

Fig. 4
.; X

\ ': \ .

Then the transformation of coordinates is given by the equations:

Xl = X cos Bl - Y sin Bl'

,.' , .

',~ ...Yl = X sin6~ +;-Y ~os61,

X2 = X cos 62 + Y sin 62,

'1'i.';.(~-.;~:;..'J ';..,,'.-. Y2=-1j.si~'.~'.+Y~..:~9SB2...'t. C\ .. "'~'

. ", ,

t

Substituting in equations (10) and (11) we now have, in the
c'1°~dinat~: -system (X,Y) , ' , : :", r

\
Zl = Al(X cos Bl - Ysin 61)2 -+ Bl(X--sin Bl + Y cos Bl)2, (12)

Z2 = A2(X cos Bz + Y sin62)2 + B2(-X sin S2 + Y cosS2)2.(13)
, ,-,. - ,

These two equations may be combin~d with a single equation, as all

thes_e coordinate systems (XtYl) , (X2'Y2) ~ -and ,-(XY) .have a connnon z-axis
but with different signs. Adding ~quations (12) and (13) and expandingthe bracket terms gives ; .

.
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Zl + Z2 = X2(AI COS2S1 + A2 cos2S2 + Bl sin2S1 + B2 sin2S2)

+ 2XY(-A1 COS Sl sin Sl + Bl sin SI cos SI + A2 COS S2 sin S2

- B2 sinS2 COSS2)

+ y2(AI sin2B1 + A2 sin2S2 + BI COS2S1 + B2 cos2S2). (14)

Now writing the coefficients of X2 and y2 as A and B:

A = (AI cos2S1 + A2 cos2S2 + Bl sin2S1 + B2 sin2S2)

and

B = (AI sin2SI + A2 sin2t32 + BI coS2S1 + B2 cos2S2).

Adding~

f.
: A + B = Al + A2 + Bl + B2. (15)

Subtracting,

A - B = Al COS 2SI - Bl COS 2S1 + A2 COS 2S2 - B2 COS 2S2

= (AI - BI)COS 2SI + (A2 - B2)cos2S2. (16)

Equation (14) would be further simplified if the cross-product term in
XY could be made to vanish. This will be achieved if the coefficient
of XY is equal to zero, namely,

-AI cos81 sinSI + BI sin8I cos81 + A2 cos82 sin82 - B2 sinS2 cos S2 = O~

i.e. -(AI - BI)sin 281 + (A2 - B2)sin 282 = o.

Squaring this equation gives

(AI -BI)2sin228I - 2(A1 - B1)(A2 - B2)sin 281 sin 282

+ (A2 - B2)2sin22S2 = o. (17)

.
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If we square equation (16) we have

It (A - B)2 = (AI - Bl)2COS22S1 + 2(A1 - Bl)(A2 - B2)cos 2S1 COS 2B2

2 2+ (A2 - B2) COS 2S2' (18)
,

~
Adding equations (17) and (18) then gives

(A - B)2 = (AI - Bl)2 + (A2 - B2)2 + 2(A1 ~ Bl)(A2 - B2)cos 2w, (19)

since (2S1 + 2S2) = 2w.
Equation (14) may therefore be rewritten as

ZI + Z2 = AX2 + By2, (20)

where

1 1 1 1A + B = D + If' + D + If' ' (21)
1 1 2 2

2 1 i 2 1 1 2 1 1 )( 1 1 ) (22)(A - B) = (D - jjT) + (D - W) + 2(D - If' D - W cos 2w,
11 2 2 1 1 2 2

W = angle between the original x-axes of the two bodies.

(c) Equations for Area of Contact,
Pressure Distribution, and Compression*

When two bodies are pressed together, displacements will occur in
~ both: in this case, we are considering forces operating parallel to
~ the z-axis, and displacements along this axis.

If the displacements at a point are UJI and UJ2' then for points
.J inside the area of contact, since the bodies touch over this area,

(ZI + WI) + (Z2 + W2) = a,

while, outside the area of contact,

(ZI + WI) + (Z2 + W2) > a,

*The argument here is essentially that of Landau and Lifshitz (1959).

.
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a being the value of (WI + W2) at the or:;.giu;'\ i.e. a is th~ compression
we are seeking. The distribution of the bodies is illustrated by

Figure 5.
.: .:;-\ ': - , . ,- . ", l ~ . ;

,. .. . ,.'
. .; . .' C J Applied force

:' .',: ':',.r. ' ,': . . : ; ,.',';,

" Surface 1
.. "

\: ;... . ;"

Fig. 5
(X

!~ _.!~, '!" - - I' .

;. ;'..' ii. "

ur ace 2

, ,i\I"1 " .. .:'

Applied force

,

Having chosen the axis such that
i. ~.\ . - -. '-

!

ZI + Z2 = Ax2 + By2,

\ :. -' ~ , ~ .\ \, ' ",;' I "(..-

(i.e. equation (20)), it foLlows that
- )

,:.: -- .;,. ,.,' 2 ' 2 ' -,; , -,"j j '. .::;J '- .;1 , ::; "1.Ax + By + (WI + W2)' = a. . .". (23)

.

, -
,

Let the comp'onent of the pressure at a point' (x"~y') on the surface
). of -'contact be p(X'~y'~. It can -he 'showtl'{see for:example .Prescott 1924,

"ppJ -.'623-7) that, 'assuIiling the surface to be, p'lane, -the ldeformation at
a point (x,y) owing to this 'pressure ',is- ig'ivenby 'J c 'j, ,,:!,

.. J ';'; c r.,.. Co ' ,C , ,- 't, ':;, ' - ,

.. J ; ., i 'c ..', w(x,y) ~ l¥ . EJ~1i~ 'dx'dY', ..., "

,

where r is the distance from the point (x,y) to the point (x~y').
Further, using the superposition ~heorem,.the displace~~nt at a point
(x,y) due to the distribution of 'pressure over an area A is given by

w(x,y) = ~ J f A Qi~~~1- dx' dy'. .(24)

. .( \. :~ '~. - ,., ,

.
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Substitutin~-equation; (2(4) in; (23) giv~s ... "

2 1 2c' (1 - cr 1 - cr 2) J ( n (X! u ' )::--~.: ~-~ ,.J c;~~-!... 'd.+'- dy' -=, ~ :-. AX2:, -~ By2", ' (25)

- '.. 1. .. 2 A '. . . ...' . ~1., ,

- .' ! - ". ..: ~. ::', ~J i..

\" where the subscripts 1 and 2 designate the elastic,.cDns.tants'.:wr, the
two bodies.

It also follows that , , 'i;,
-'"~ . _..~.- ' t

( 2.1 ( 2) .,. .-- UJl/UJ2 = ~J/~.,

. ,"'" .,

.. . !:,

A solution of equation (25) yields expressions for the area of
co'ntact,.the pressure dist:t:ibution over,th.e "area, _and th~ compression.
This .so.1utiorJ! can tbe found bY- :analogy with a prob..le.rn- in ,pot~ntial .

theury."-,-',c..,,,!'l, ...
:; ! '-If an ellip'sO;id x2/a2 +_y2,/b2:.+ 22/a2 =- 1 h~s a un11oI:In vQlume

charge' of d-ensity p, then it..can, be shown (Kellogg 1929, p'.192)_,tb.at
the potential for points inside the ellipsoid is given.1by: .

r [ 0. X2 ~ 22 J dI/J <P(X,y,2) = TTp aba 0 1 I-;:;;-;:j:;j; - ~ ~ ~ . (a2+I/J) (b2+I/J) (a2+I/J)) 1/2 .

, If the ellipsoid is v.ery.mtich jlattene,d, S(j). that aJ beco~es very
small, the contribution from the ~nte,g.ral, i:..: .': :',. . J':

r Z2 _d1/l_-
0 ;;I:j:;j; . -(~2+I/J)(b2+I/J)(a2+I/J))1/2

becomes negligible and we may write ~,o'

v ", <P(x,y) = TTPaba f (( 1 ~ ~ -~} . ((a2+~)'(~~+I/J)~) 17-2. (26)

;, i';, The potential can also be ,expresse9 in a,mOL"e eleme'lilt&:I;'y,way as
I

, , If I - p dx' dy' dz '-
<P(x,y~z) ~, - v-'.(x .,.X')2 +{y - y')2+(Z'-2ij2)1/2 '

: 'integrating over the volume of the ellipsoid.
If, in this last expression, z and z' are written as zero, and

the resulting expression is, inte~rAted with respect to 2' over the
limi ts :!: all - (x' 2/ a2) .;.' (y' 2/b ), then' .- " .; -;-"

. i ; -' .: I (' I '.. . J': I I: '~. . "i.

:"; .; : I:!, ,..;f' ! ; , .. . ~. ,.'. .." ..'." : . :' ~

" ;;.; i ,,!; ,) " '., i :

.
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1/2

<P(X,y) = 2pc I I (1 - ~ - ~] . ~~-;;~~- , (27)

where r = (x - X')2 + (y - y')'2')-I/2.
Equation (27) then refers, as does equation (26), to the case of

an ellipsoid very much flattened in the z-direction, and the two may
be equated, giving

1/2
II (1 - ~ - ~ J ,dx' dy' a2 b2 r

1 r [ X2 2

J ( (".,2:'II'\(~~.J..111'\1fl)I/2 = - 'lTab 1 - --'--- - ~ 28 2 0 a2+'li b2+'li . (a2+1/I)(b2+1/I)'li)1 2. ()

Comparing equations (25) and (28), it will be seen that, if the
right-hand sides are viewed as quadratics in x and y, they have
identical forms, while the left-hand sides are integrals of the same
form, It follows that the area of contact is bounded by the ellipse
x2/a2 + y2/b2 = 1, and that the pressure distribution over the area of
contact is given by

1/2
[ X2 1J2

]p(x,y) = k 1 - ~ - b2 ' I

Equating the integral fs p(x,y) dx dy to the total force, p~
tending to compress the two bodies,

k = 3P/2'ITab

and

X2 2 1 /2
p(x,y) = (3P/2'ITab) (1 - 2 - ~) , (29)

a b

Substituting equation (29) in equation (25), and using equation (28)

3 r [ 2 2

] ( (".,2.J..111'\(~~.J..111\111)lj2 -PV +V 1-~--1L::.-4 (1 2) 0 a2+1/1 b2+'li . (a2+1/1) (b2+1/I)'li) 1 2

= a - Ax2 - By2, (30)

where VI = (1 - a~)/'lTEI and V2 = (1 - a;)/'lTE2'

As this expression must hold for all values of x and y within the
contact ellipse, expressions for a, A, and B can be obtained by equating
coefficients on both sides of (30), leading to:

.
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3 r ( (~2.L'1'\(~~.L,1,\",)1/2 a = - p V + V 314 (1 2) 0 (a2+1J!)(b2+1J!)1J!)1 2' ( )

T; A = 1. P(V + V ) r d1J! - (32)4 1 2 0 (a2+1J!) (a2+1J!) (b2+1J!)1J!) 1 f2 '

3 r ( h~.L",)((;y2-1-~'~(h2-1-111)1!1)1/2d
... B = - P V + V . 334 (1 2) 0 (b~+1J!) (a2+1J!) (b2+1J!)1jJ) 1 2 ( )

The quantities a and b appear in the expression for a as parameters
and are in general unknown, and are determined from equations (32) and
(33). These expressions are then used to obtain a and b from known
values of A and B.

III. SPECIAL CASES

(a) Two Spheres in Contact

If the spheres have diameters D1 and D2 respectively, then from
equations (10) and (11), we have:

-£ ~21 - D + D '
1 1

_:r;2 ~22 - D + D '
2 2

and the area of contact is a circle (very flattened sphere) and a = b.
By adding the above equations, we have

- 2 ( 1 1 ) 2 ( 1 1 )21 + 22 -:r; D + D + Y D + D .
1 2 1 2

Comparing this equation with equation (20), it follows that

~I

1 1A=B=-+-.
D1 D2

,

Then equations (32) and (33) become identical and may be written

3 r d1J! A = B = _4 P(V 1 + V 2) / .
0 (a2+1J!) 21J!1 2

Putting 1J!1/2 = p, we can write

.

-
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1 1 3 r 2dp1- A=B= -+- =-PV +V ,(D D) -4 (1 J.. 2 .2 2.
r . :2 '. ',i 0 (a + p )

= ~-, F(V i +_.V 2) . , ' :
8a ' .j' -: :", ,: ,-

Therefore -. . --,,:~ -, . -" . -, - " ' I. '4. ,.. " . ,

.: I--J:1 -,. ~ -, a3 = fal!-;. P(V1;+ V2)(~:t-i-)-.1~ ,':: '1

- . ,1 2
;":.;:: :!; " . ; .. ,:'" ,)'~'

,- .; '( i . . , .- " , - " ': ,

Equation (31) gives the total compression in this case as . ,:;.

3' . [ dl/r a = 4" P(~l + V2)~ (a2~~~1/J1/2 .

A ° tt O 1/,1/2 - ot.gq,~n,pu' ~I1;g 'f' ,- p" we can wr.,J. e ...':;""_,r".,.. '0:
: , , . ., :. or. '.";.1 :,', " .:.'. ;

a = 1 P (V 1 + V 2) r 2 dp
4 ' a2 + p2

. -, ;, - 0:
37T .

= 4"a P(~: +r~2).

Substituting for a, ~e then have
, c. (,.. " ':., . T ' ',. ., ,. ,-;'-, '; ! ~ .,.

2 / 3 "{ , f ", .!. c 1; , i:. '

a = ~ . p2{3 . (V1 +.v~)2/3 . (t-+t-)1/3.
1 2., '

- ,

(b) Sphe~e in Contact with a Plane

Tpis can be. considered as two spheres.in ,CQntact, t1;l~ qiameter of" ~ ,., ,one sphere being infJ.nite. '

The formula for a then becomes

, " .-
2/3 ,. '.

a = ~ . p2 / 3 . ( V 1 + V 2 ) 2 / 3 . (i) 1 / 3 .
jj . i. ,:. ; ,. ", i , .,' ; ,.

(c) Sphere in Contact with an Internal Sphere

If the diame,ter...of'-~h-e in~erna1: sphere: is Dl and the diameter of
the small sphere is D2' then the situation is similar to that in III(b)
except that in the coordinate system adopted, the diameter of the
internal sphere becomes negative, giving ~ . , . i' i

a = ~2/3 . p2/3 . (V1 + V2)2/3 . (i- - i-)1/3.
2 1

.
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(d) Equal ~ylinde!,~ Crossed at Right Angles

Since two of_the. curvatures ar.e equal and two are infinite, we

.!, can write equations (~9) fnd {il) as:..

X2n 21 = D + 0,
.', ' ,':' ; '., ~,' ,; ,; ~ : '.;

- ~22 - 0 + D '
.

- . . 2 2. ," ; 2 + 2 = ~ + 1i.=. = Ax2 + By' 2 ;

1 2 D D t

1 . e . ':'

1
'.; A = B = D . r-

.. .' ~. ... .-. -, -. . .
, ," -' - .

From similar derivation to that given in III(b), we therefore have

, . " " " ' ; (" ;'! ,~ ;, : ,. i ' :'
, 213 ' , . - ,.

r} = ~ . p2/3. (VI + V2)2/3 . (t)1/3. : "'.:,

(e) Unequal Cylinders Crossed: at Rif;Jht A~les
.. ..,..- - .. . . - , , r

If the' diame~ers of the'two cylinders be D and D respectively,
thent if their axes are at right angles,equatibns (10~ and (11) become:

i X2.-:;~..' ,:. - .'.:: 21. =."P7 """ 0-, , ('. , -,

- ~, 22 - 0 + D '

\1 ..: !'.'J"'::'.';; ,,-'I '-,2" ;'" ',I...;:~;

"', ':,1," ,:. ::'.. 2 I +2 2 =-::::::'+~' ...,. '" ,;'.,;T

D D ,., ,
1 2 ' .. t y!

t'

i.e. ~
.: "

1 1
A=D' B=V.1 2

Now the equations connecting stress and strain, i.e. equations (31) t
(32), and (33), can be expressed in terms of the eccentricity e of the
ellipse of contact 1 - e2 = b2/a2.

Considering equation (32), if we multiply the top and bottom lines

of the integral by (1/a2)5/2 we have

.
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(1-)5/2 . d1jJ

3 [ a2A = 4P(VI + V2) 0 (1 +L)3/2(E.:+L)I/2(L)I/2.

a2 a2 a2 a2

Writing 1jJ/a2 = ~ the equation becomes

A = .2 P(V I + V 2) r d~ ,

4 0 a3(1 + ~)3/2(1 - eZ + ~)1/2~1/2

i.e.

Aa3 = 1. P(VI + V2) r d~ .

4 0 (1 + ~)3/2(1 - e2 + ~)1/2~1/2

Similarly, it can be shc;>wn that equations (31) and (33) may be
written:

3 3 ( ) [ d~ Ba = - P VI + V2 ,
4 0 (1 + ~)1/2(1 - e2 + ~)3/2~1/2

a = ~ . (V + V) [ d~ .

a I 2 0 (1 + ~)1/2(1 - e2 + ~)1/2~1/2

These equations can be simplified by a further change of variable,

namely, by putting ~ = cot2e where e goes from t n to 0 as ~ goes from
0 to 00. Then

d~ = -2 cot e cosec2e . de.

.
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Substituting in the equation for Aa3 we then have:

" Aa3 = 1 P(V + V ) f o -2 cot e . cosec2e . 2e .

4 1 2 n (1 + cot2e)3/2(1 - e2 + cot2e)I/2(cot2e)I/2

2
"

= 1 P(V + V) f o -2 cosec2e . de

4 1 2 n cosec3e(cosec2e - e2)1/2

2

3 f o -2de
= 7; P(Vl + V2) 2

.:!!. cosec2e(1 - e )1/2
2 cosec2e

= 1 P(V + V) f o -2 sin2e de

4 1 2 n (1- e2 sin2e)I/2

2

and, by reversing limits and sign,

n
Aa3 = 1 P(V1 + V2) f 2 sin2e de .

2 0 (1 - e2 sin2e) 1/2

Similarly it can be shown that

n
3 3 f 2 sin2e de

Ba = ZP(VI + V2) (1 - ,,2 ~.;~2A,3/2 '

o (1 - e sJ.n e)

n-
. 3 P f 2 de

a = -- (V + V).
2 a 1 2 0 (1 - 82 sin2e)1/2

~
Now the complete elliptic integral of the first class, K, is

n
f 2 deK -- ° (1 - e2 sin2e)I/2

and

n
dK J 2 sin2e de
de = e ° (1 - e2 Si~2e)3/2 .

.
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Also the complete el:Liptic integral Qf t4~ secondclass,E,is'

n
, l ': ,.

, E = f (1 - e2 sin2e)I!2de

0

and

'If

2dE J sin2e de '~ = -e 0 (1 - e2 sin2e)I/2 .

.

I

The equations can therefore be written irl terms of the complete elliptic
integrals thus:

Aa3 = _.?:9E. EI'e . de ~

Ba3 = ~ ~e . de '

Ct. = ~ . K,
a

3where Q = 4" (VI + V2)'

These equations may be combined to give a compression equation
independent of a, namely,

, 1/3
,Ct. = 2.K(PQ)2/3 [ ~: ,IIdE. ] .

2D (- --)1 e de

Now the relationships connecting E and K are:

dE 1- = - (E - K)
de e

, .."" . .. ' , , : : !

and

dK 1. (E 2 K)- = - (1 - e) ,
de e(I - e2)

from which we have

.

.
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1 dE 1- - = - (E - K)
e de e2

.
and

dE. A - - de - -(1 - e2)(E - K)
B - ~ - E - (1 - e2) K .

de

Therefore, for any chosen value of e we can give the corresponding
A 1 dEvalues of -B ' K, and - - -d ., e e -

Sets of such values are given in Appendix II. ,;

(f) Unequal Diameter Cylinders Crossed lJith
Their Axes at Any ArJ,gle

This case differs from that of III (e) only in that the angle
between the axes of the cylinders, 8, is some other value than 90°.

It is therefore necessary to obtain the ratio AIB by solving the
following equations (cf. equations (21) and (22» for A and B:

1 1
A+B=-+-,

D1 D2
,

(A- B)2 = (1-)2.+ .(1-)2 + 2 cos 28.

Dl D2 Dl D2'
".. ""j " : '

8 being the acute angle between the cylinder axes, and D1 and D2 being
the diameters of the larger and smaller cylinders respectively. The
general formula for the compression is ;

1/3
a = 2K(PQ)2/3 [ A

J... 2 _lEI:.. e de

(g) Sphere on a Cylinder
!1:

Since one diameter of the cylinder has become infinite,
equations (10) and (11) become:

-~ ~for the sphere, 21 - D + D '
1 1

2
for the cylinder, 22 = 0 + ~ '

2

where D1 = diameter of the sphere,
D2 = diameter of the cylinder,

.
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- 1 2 1 1 221 + 22 - D x + (F + F)Y ,
1 1 2

1A=- D '
1

and

1

A - D1B - 1 1 .
-+-
Dl D2

From these values of A and AIB, it is necessary to calculate the
value of a from

3 2QP 1 dEa =- ---A . e de

and thence

Ci. = ~ . K.
a

(h) Sphere Inside a Cylinder

This case is similar to that of III(f) except for the change in
sign necessitated by the internal form of the cylinder. We therefore
have:

X2 ~for the sphere, 21 = F + D '

1 1

x2for the cylinder, 22 = - F + 0,
2

1 1A=---
Dl D2'

and
1 1---

A - D1 D2B - 1 .
D1

The calculation of a from

3 2QP 1 dEa =T.-e'de

.
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and a. from

., 2QPa.=-.Ka

. then follow.

(i) CyZinders in Contact aZong a Line ParaZZeZ to
Their Axes and a CyZinder on a PZane

It is not possible to obtain the solution by direct use of the
expressions already derived by allowing one axis of the ellipse of
contact to become infinite as the solution itself then becomes infinite.
This may appear surprising at first but the reason lies in the fact that
the analysis requires the bodies to be fixed at infinity and this leads
to an infinite displacement. Prescott (1924) has likened the situation
to a load applied to an infinitely long string fixed at one end. The
extension of such a string on the application of any load would be

infinite.
In determining the pressure distribution and the breadth of the

area of contact we shall make use of expressions obtained by allowing
one axis of an ellipse of contact to become infinite. For the remainder,
the contact area will be taken as being a finite rectangle but with one

side very much longer than the other.
The derivation given will be for the case of a pair of cylinders

in contact with their axes parallel. The solution for a cylinder on
a plane is then obtained by allowing the radius of one of the cylinders

to become infinite.
It will be remembered that the pressure distribution over the

ellipse of contact in the three-dimensional case is given by

1/2
3P [ X2 2

Jp(x,y) = - 1 - - - 1i.=. .

2Trab a2 b2

.. The integrated pressure across the minor axis of the 'ellipse in
the plane x = 0 is then

rb 2 1/2
" P = (3P/2Tr . ab) J,..b [1 - ~] dy

- 3P Trb - 3 P
-~.2-4.a.

If both a and P approach infinity in such a way that Pia remains
finite, P is the force per unit length along the area of contact, which
is now rectangular with one side infinite.

.
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It follows that

1/2 1/2
( 2 ] 215 ( 2 ]p(y) = (3P/21Tab) 1 - ~ =:rib 1 - ~

In the region of the original line of contact the cylinders are

adequately represented by the surfaces:

z = B Y 2

: .. 1 1 ' '". :

2 ' .,.

:, ..z2.=B2Y'.~"

, .

TQe cylinders are initially in cont~ct over a line of length 2d.
. Applying eqiiation (25), ,; .. . .

,

[ 1 - cr~ 1 - cr~ J ff ( ' ). + ~ dx' ,dy' = a - By 2 'j ( 34)

7TE 1 7TE 2 A l' .,

where 1'2 = (y- y')2 +X,2 and the integral extends over the region of
contact, which is taken to be a.finite rectangle but with one side very

much longer than the other. We are considering here only points lying

along 'the y-.axis. The assumption that one side of the rectangle, 2a,

is very much longer than the other,:2b,: allows the integral in the left-

hand side of (34) to be evaluated.

Write .~. ".; c,

,-, ..

<P(O,y) = ffA p(y')/r dx' dy'

+b +a .

= J-:'b J':'a p.(y')/ (X'2 + (y -:, Y':)~) 1,/2dx' dy':

= rb '2p(y')

J a 1/ (X'2 + (y - y')2) 1/2dx' dy'

J -b . 0

[ b [a + (~ T yY ~) ~ ' Ta2) 1/2,) 2 2 1/2 )= 2p(y') ln a+ - - ,+ a dy'.

-b Y Y

If now a is consid~red;to be J,arge in comparison with .(y.- y')

. ..

<P (O,y) = rb 2~ (y') i~ (2a/ I y ~ y' I) dy"

J -b

.
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and .. . ~

[ b J+b . <1>(0,0) = 2(ln 2a) p(y')dyt - p(yt) In (y,)2dy',

-b - -b
! '

where we are now restricted to the point (O,O)..
J+b ,

Now -b p(y')dy' = P, the force per unit length and

rb 1/2
<1>(0,0) = 2[; In 2a - (2P/1Tb) J-b [1 -~] In (y')2dy'.

It remains then to determine the breadth of the area of contact
and to evaluate the integral.

From equations (25) and (28),

- [ dIll B = ( VI + V2) P -'"

1/2 '
0 (b2 + 1)1)3/2(1 +~) 1)11/2

. a

using p(y) = (2P/1Tb)(1 - y2/b2)1/2, which for a infinite gives

)

B = (VI + V2)P [ -~-4-2 12. 0 (b 2 + 1)1) 3/21)1 1 /2

- 2= 2(Vl + V2)P/b ,

I ". :-

i.e.

0.

b2 = 2(Vl + V2) . P/B.

Turning now to the evaluation of the integral

+b . 1/2'

I = J [ 1 - ~] In y2dy.
-b . ,.,;

, ..' '..'- .. .
... .. 1'.

'.. ',' . , . ",

,

.

.
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Write y/b = sin e, then dy = b cose de giving

+.:!!.

I = b f- ~ cos2e In (b2 sin2e)de

2

+.:!!. +.:!!.
2 2

= 2b In b f_.:!!. cos2e de + 2b f_.:!!. cos2e ).n Isinelde.

2 2

Now

+.:!!.
f 2 iT

cos2e de = -
1T 2

-2

and

iT

f 2 iT

_.:!!. cos2e In Isin BIde = - 4 (1 + In 4),*

2

so that

I = iT b ( In b - !...:':2..!~-!:!-) .

Substitution then leads to

CP(O,O) = 2P(ln 2a + (1 + In 4)/2 - In b), ~

which in turn gives

a = 2P(V1 + V2)[(1 + In 4)/2 + In 2a - In b].

The form of the expression for the compression of a pair of
cylinders with their axes parallel and for a cylinder on a plane is
identical. The compressions are then given by substituting the
appropriate value for b in each case.

*Birens de Haan (1957), [305]8.

.
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Pair of cyZinders ~ith Their Axes ParaZZeZ:

l' 2 .
21 = -D Y , .

1 . ,.

- 12;22 - D Y .
2

Therefore ; ,

- 1 1B--+-
D1 D2' "

giving . ,

1 ~ - D1D2 ~In b = 2 In 2(V1 + V2)P . D .
1 + D2

I

Cyl,inder on a FZat:
. ,

2 = 1. 2 ,"
1 D 11

22 = 0,

glvlng

B_1 ':- D '
. ,

" ,

so that
I ,

In b = i In [2(V1 + V2)PD] .
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APPENDIX I

Tables of Elastic Constants and Derived Quantities
. -

'C

The values for the elastic constants given in Tables 1 and 2 are
intended -as a guide to the values to be expected. The actual values
of the constants for a ~aterial are dependent on its precise composition
and past history and are affected by such things as heat treatment and
the method of fabrication. The values given, however, should be adequate
for the calculation of compressions in most practical cases, as the
percentage error in a calculated compression due to an error in
a constant is of the same order as the percentage error in the constant.
The formulae derived here do not necessarily apply to anisotropic
materials, in particular to crystals where the elastic properties may
be significantly different for different axes.
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APPENDIX II

Values of K, - l-- ddE , and Eccentricities for Arguments AIB
e e

The values given for the complete elliptical integral of the tirst

type, K, and tbe quantity - ~ ~ have beeh 'derived from a nu~ber of

sources. Tables 3-6 for AIB in the range 0.01 to 1.00 are due to Rolt
and Grant (1921), while the values given in Figure 6 have been derived
using expressions given by Airey (1935). Both these series of values
have been point-checked against a digital computer program based on
the method of the arithmetic-geometric mean. The curve of (1 - e2),
Figure 7, has been derived from the relationships that exist betw~en
AIB, K, and E.

TABLE 3

AIB : [1.00(0.01)0.50]

:1. K _..!.E:I:1. K! _..!.E:I:
B e de B e de

1.00 1.5708 0.7854 0.75 1.7249 0.9037
0.99 1.5761 .7894, 74 1.7322 .9095

98 .1.5814 .7934 73 1.7397 .9153
97 1.5868 .7974 72 1.7472 .9213
96 1.5922 .8015 71 1.7549 .9274

0.95 1.5978 0.8057 0.70 1.7628 0.9336
94 1.6034 .8100 69 1.7707 .9399

,93 1.6090 .8142 68 1.7788 .9463
9-2 1.6148 .8186 67 1;7870 .9529
91 1.6206 .8230 66 1.7953 .9595

0.90 1.6264 0.8275 0.65 1.8038 0.9664
89 1.6324 .8320 64 1.8125 .9733

.:.88 1.6384 .8367 63 1.8213 .9804
87 1.6445 .8413 62 1.8302.9876
86 1.6507 .8461 61 1.8393 .9949

0.85 1.6570 0.8509 0.60 1.8486 1.0025
841.6634 .8558 59 1.8581 1.0101
83 1.6698 .8608 58 1.8677 1.0180

- 82 1.6764 .8659 57 1.8775 1.0260
81 1.6830 .8710 56 1.8876 1.0341

0.80 1.6897 0~8762 0.55 1.8978 1.0425
. 79, 1.6965 .8815 54 1.9082 1.0511

78 1.7035 .8869 53 1.9188 1.0598
77 1.7105 .8924 52 1.9297 1.0688
76 1.7176 .8980 51 1.9408 1.0779

0.50 1.9521 1.0874

.
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TABLE 3 (Cont'd)

AIB : [0.500(0.005)0.200]

~ K _l~ ~ K _l~
B e de B e de

0.500 1.9521 1.0874 0.350 2.1595 1.2632
495 1.9579 1.0921 345 2.1680 1.2705
490 1.9637 1.0970 340 2.1766 1.2780
485 1.9696 1.1019 335 2.1853 1.2856
480 1.9755 1.1068 330 2.1942 1.2933

0.475 1.9816 1.1119 0.325 2.2032 1.3012
470 1.9877 1.1170 320 2.2124 1.3092
465 1.9938 1.1221 315 2.2218 1.3173
460 2.0001 1.1273 310 2.2312 1.3256
455 2.0064 1.1326 305 2.2409 1.3341

0.450 2.0128 1.1380 0.300 2.2507 1.3427
445 2.0192 1.1434 295 2.2607 1.3515
440 2.0258 1.1490 290 2.2709 1.3604
435 2.0324 1.1546 285 2.2812 1.3696
430 2.0391 1.1602 280 2.2918 1.3789

0.425 2.0459 1.1660 0.275 2.3025 1.3884
420 2.0528 1.1718 270 2.3135 1.3981
415 2.0597 1.1777 265 2.3247 1.4080
410 2.0668 1.1837 260 2.3361 1.4181
405 2.0739 1.1898 255 2.3477 1.4285

0.400 2.0812 1.1960 0.250 2.3595 1.4391
395 2.0885 1.2022 245 2.3716 1.4499
390 2.0960 1.2086 240 2.3840 1.4609
385 2.1035 1.2150 235 2.3966 1.4723
380 2.1112 1.2216 230 2.4096 1.4839

0.375 2.1189 1.2282 0.225 2.4228 1.4958
370 2.1268 1.2350 220 2.4363 1.5080
365 2.1348 1.2419 215 2.4501 1.5205
360 2.1429 1.2489 210 2.4643 1.5333
355 2.1511 1.2560 205 2.4788 1.5465

0.200 2.4937 1.5600

.
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, : I. ' . , .

TABLE 4
. AIB: [0.200(0.001)0.100]

Ai. I dE A" .1 dE- K --- - K ---
B e'de B e de

0,200 2.4937 1.5600 0.175, 2.5745 1.6337
199 2.4968 1.5627 174 2.5779 1.6369.

198 2.49~8 1.5655 ,173 2.5814 1.6401
197 2.5029 1.~683 172 2.5849 1.6433
196 2.5059 1.5/11 171 2.?885 1.6465

0.195 2...5090.' 1.5739 0.170 2.5920 1.6498
,194 2.,5121 1.5767 169. 2.5956 1.6531
193 2:5152 1.5796 168 2.5992 1.6564
192. 2.5,18~ 1.5824 167 2.6028 1.6597
191 2.5215 1.5853 166 2.:6064 1.6631

0.190 i 2.5247 1.5882' 0.165 2...6101 1.6664
189 2.5279 1.,5911 164 2.6138 1.6698
188, 2.5311 1..5940163 2.6U5 1.6733, '

,187 2.5343 1..?970162 2.6212 1.6767
1~6 2.5376 1.5999 1,61 2.6250 1.6802

0.185 2.5408 1.6029 0.160 2.62,87, 1.6836
1~4, 2.-5441 1.6059 159 2.6325 1.6871
183 2.5474 1.6089 158 2~6364 1,.6907

,,182 2.5507 1.6119 ~57 2.6402 1.6942
181 f ,5541 ,1.6150 156.. 2.6441 1.'6978

p.180 ~.5574 1.6181 0.155 2.6480 1.7014
,179, 2.'5608 1.6211is4 2.6519 1.7051. ..
,178, ?5642 1;6243 , i53~ 2.9559 1.7087
177 2! 5676 1.6274 152 2.6598 1,.:7124
176 2.5710 1.q305 151 4.6639 1.7161

, c, ,

:' ,)
. ,-. ,,'. '... . .., .-- .'.'" .

.
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TABLE 4 (Cont'd)

AIB : [0.200'(0.001)Q.l00]

~ K _l~,'~ K. _l~
-B e de B e de

0.1150 \2.6679 1.7198 0.125 2.7786 1.8230
'149 2.6719 1.7236 124 2.7835 1.8275

. ~148 2.6760 1.7274123 2.7884 1.8321
, ,147, 2.'6801 1.7312 122 2.7934' 1.8368

146 . 2.6843 1.'7350 . 121 2.7984 1.8415

0..145 2.6885 1.7389 0.120., 2.8034 1.8462
144 2.6927 1..7428 119 2.8085 1.8510
143 2.6969 1.7468 118 2.8136 1.8558
142 2.701:2 1.7507 ; 117 2.8188 1.8607
141 2.7054 1.7547 116 2.8240 1.8656

0..140 2.7098 1.7587 ; 0..115' 2.8293 1.8705
139 2.7141 1.7628 .114 2.8346 1.8755
138 2.7,185 1..7669 113 2.8399 1.8805
137 2.7229 1.771011.2 2.8453 1.8856
136 -2.7274 1.,7751 111 2.8508 1.8908

0;.135 2.7319 1.7793 0.110' 2.8563 1.8960
134 2.73,64 1.7835 109 2.8618 1.9012
133 2..7409 1.7878 108 2.8674 1.9065
1.32 2.'7455,1.7920; ;,-107 2.8731 1..9118

'\'131 2'..75m 1.,7964 106 2.8788 1.9172

,0.130. 2,...7548 1.8007 0.105 2.8846' 1.9226
': 129 -.2.7595 1.8051 104 2.8904 1.9281

: '[128 2.7642 1.8095 103 2.8962 1.9337
12.7 2:..7690 1.8140 102 2.9022 1.9393
126 :2.7738 1.;8184 1.01 2.9082 1.9449

, .c - ; 0.100 2.9142 1.9507

.
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TABLE 5

AIB : [0.100(0.001)0.050]

! K _l~ ~ K _l~
B e de B e de

0.100 2.9142 1.9507 0.075 3.0889 2.1171
099 2.9203 1.9565 74 3.0970 2.1249

98 2.9265 1.9623 73 3.1053 2.1328
97 2.9327 1.9682 72 3.1136 2.1408
96 2.9390 1.9742 71" 3.1221 2.1489

0.095 2.9454 1.9802 0.070 3.1307 2.1572-
94 2.9518 1.9863 69 3.1394 2.1656
93 2.9583 1.9925 68 3.1483 2.1741
92 2.9649 1.9987 67 3.1573 2.1827
91 2.9715 2.0050 66 3.1664 2.1915

.

0.090 2.9782 2.0114 0.065 3.1756 2.2004
89 2.9850 2.0179 64 3.1850 2.2094
88 2.9919 2.0244 63 3.1945 2.2186
87 2.9988 2.0310 62 3.2042 2.2279
86 3.0058 2.0377 . 61 3.2141 2.2374

0.085 3.0129 2.0445 0.060 3.2241 2.2471
84 3.0201 2.0513 59 3.2342 2.2569
83 3.0274 2.0583 58 3.2446 2.2669
8'2 3.0347 2.0653 57 3.2551 2.2770
81 3.0422 2.0724 56 3.2658 2.2874

0.080 3.0497 2.0796 0.055 3.2767 2.2979
79 3.0574 2.0869 54 3.2877 2.3086
78 3.0651 2.0943 53 3.2990 2.3195
77 3.0729 2..1018 52 3.3105 2.3307
76 3.0809 2.1094 51. 3.3222 2.3420

0.050 3.3342 2.3536

.
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TABLE 5 (Cont'd)

AIB : [0.0500(0.0005)0.0200]

~ K _!.~ ! K-!.~
B e de B e de

'0.0500 3.3342 2.3536 0.0350 3.5486 2.5626
495 3.3403 2.3595 ,345 3.5573 2.5710
490 3.3464 2.3655 340 3.5660 2.5796
485 3.3526 2.3715 335 3.5749 2.5883
480 3.3588 2.3775 330 3.5839 2.5971

0.0475 3.3651 2.3837 0.0325 3.5930 2.9060
470 3.3715 2.3899 320 3.6023 2.6151
465 3.3779 2.3961 315 3.6117 2.6244
460 3.3845 2.4025 310 3.6213 2.6337
455 3.3910 2.4089 305 3.6310 2.6433

0.0450 3.3977 2.4153 0.0300 3.6409 2.6530
445 3.4044 2.4219 295 3.6509 2.6628
440 3.4112 2.4285 290 3.6611 2.6728
435 3.4181 2.4352 285 3.6715 2.6830
430 3.4251 2.4420 280 3.6821 2.6934

0.0425 3.4321 2.4488 0.0275 3.6928 2.]039
420 3.4392 2.4558 270 3.7038 Z.7147
415 3.4464 2.4628 265 3.7149 2.7256
410 3.4537 2.4699 260 3.7263 2.7368
405 3.4611 2.4771 255 3.7378 2.7482

0.0400 3.4685 2.4843 0.0250 3.7496 2.7598
395 3.4761 2.4917 245 3.7616 2.7716
390 3.4837 2.4992 240 3.7739 2.7837
385 3.4915 2.506] 235 3.7864 2.7960
380 3.4993 2.5144 230 3.7992 2.8086

0.0375 3.5073 2.5222 0.0225 3.8123 2.8215
370 3.5153 2.5300 220 3.8256 2.8346
365 3.5235 2.5380 215 3.8393 2.8481
360 3.5318 2.5461 210 3.8532 2.8618
355 3.5401 2.5543 205 3.8675 2.8759

0.0200 3.8821 ,2.8903

.
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TABLE 6 !

AlE: [0.. 0200(0,,0001) o. O,100J

0.- 2.8903 2.9683
, 2.8932 2.9716

2.8962 2.9750
':- 2.8991 2.9784

2.9021 2.9818I '

0.0195 3.8971 2.9051' 0.0170 3.9782 2.9852
194 3.9001 2.9081 .- 169 3.9816 2.9886
193 3,.9032 2.9111' :168 3.9851 2.9921

,

.192 3.9062 2.9142 167 3.9887 2.9956
"

, 19.1 3.9093 2.9172 ') 166 3.9922 2.9991: ' ,

j 0.0190 3.9124 2.9203 0.0.165 3.,9958 3..0026
! '189 ,3.9156 2.9234 164 3.9994 3.0062
I 188 3.91.87 2.9264 163 4.0030 3.0097

, .187 3~,9i19 2.9296 162 4.0066 ,3.0133
186 ,3.9250 2.9327 161 4.0102 3.0169

, ' ,

0.0185 .3.9282 2.9358 0.0160 4.0139 3.0205
184 3'.,9314 2.9390 159 4.0176 3.0242I '. :. 183 ,3.9346 2..9422, 158 4.0213 3.0279, ,: ' 182 3..9379 2.9454 157 4.0251 3.0316

.-, , 181 3.94'1.1 2.9486 156 4...0288 3.0353

0.0,180 3.9444 2.951,8' 0:.0155 4.0326 3.0391
" .179 3.94'77 2.955i 154 4.0364 3.0428

178 '3.9510 '2.9584 153 4.0403 3.0466
177 :;3.9543; 2.9617 152 4.0441 3.0504
176 3.9577 2.9650 4.0480 3.0543

"
\

i

';-:;
.,. ... .. ." .

.
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"" .. TABLE 6 (Cont'd) , .

,.. AIB : [0.0200(0.0001)0.0100] i

,

! K _l~! _lEE.
B B e de

, ,..'

'0.0150 4.0519 0.0125 4.1590 3.1642
149 4.0558 124 4.1637 3;1689'
148 4.0598 123 4.1684 3~1736
147 4.0638 122 4.1732 3.1783
146 4.0678 121 4.1780, , 3..1831 t'

0.0145 4.0718 3.0779 0.0120 4.1829 3.1879
144 4.0]59 3.0819 119 4.1878 3.1928 f

143 4.0800 3.0860 118 4.1927 3.1977
142 4.0841 3.0901 ~- 117 4.1977 .-3.2026

141 4.0883 3.0942 .116 4.202;7.,-_' J '3.2076

0.0140 4.0925 3.0983' 0.0115 4.2078 3.2126
139 4.0967 3.1025 114 4.2129 3.2177
138 4.1009 3.1067 113 4.2181 3.2228

, 137 4.1052 3.1109 112 4.2233 3.2280
',,". - 136 4._1095 3.1152 111" 4.2285 3.?':}32

. -
. 3.1195 3.2384'-: . 3.1238 3.2437"

. " .~.:~ ;-, 3.1282 3.2491 ;

j-' , ,- 3. 1325 3.2545
..~- ,,! 3.1370' ..3.25-99-

. " !"

I ,.;.. 3.1414 - 3.2654
r J. 3.1459 3.2710

c 3'.1504 3.2766
- 3.1550 3..2822

3.1596 3.2879
,- .."

, '.! " ..,.
:, i"' -

, - - . . ,. , .
~ !.. . - ,- . .-

- ~'" . .. ,
,.. - i'. "- ; - " - . - . - , . ,

\:"~.: ~ -.-" ',,:~'..:,.~" ..;-,.".-:.. ~.:
. - " :: ;

.
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